In this paper, the explicit finite difference method (FDM) is used to study the variable order nonlinear fractional wave equation. The fractional derivative is described in the Riesz sense. Special attention is given to study the stability analysis and the convergence of the proposed method. Numerical test examples are presented to show the efficiency of the proposed numerical scheme.
Introduction
In the recent years, the fractional calculus as theory allowing operations of integration and differentiation of arbitrary (real or complex value, including fractional) order has enjoyed much attention. It enable us to consider the order of the fractional integrals and derivatives as a function of the time or some other space variables. Samko and Ross [17] , first proposed the concept of variable order operator and investigated the properties of variable order integration and differentiation operators of Riemann-Liouville type. In this respect, the order of the operator is allowed to vary either c 2012 Diogenes Co., Sofia pp. 669-683 , DOI: 10.2478/s13540-012-0045-9 as a function of the independent variable of integration or differentiation, or as a function of some other variables. The concept of a variable order operator is a product of much more recent developments and is yet less widely known. The order of the derivative/integral is allowed to vary over the domain of interest, as in the modeling systems with evolving dynamics. Such systems include deformation of viscoelastic materials ( [6] , [16] ), and the mechanics of a variable viscoelastic oscillators [5] . Similar to the state of affairs in fractional calculus, multiple definitions of a variable order derivative have been suggested ( [7] , [12] ), each preferred for different reasons [17] . In this paper we use the generalized Riesz variable-order fractional derivative ( [1] - [4] , [18] , [19] , [22] - [25] ).
The main aim of this paper is to introduce the numerical solution of the variable-order nonlinear fractional wave equation using the finite difference method. This method is used to solve many of similar problems to the proposed problem, for example, the variable-order nonlinear cable equation [1] , the variable-order nonlinear Stokes' first problem for a heated generalized second grade fluid [2] , the variable-order anomalous sub-diffusion equation [4] , the space-time Riesz-Caputo fractional advection-diffusion equation [19] , the fractional partial differential equations with Riesz space fractional derivatives [24] , the variable-order fractional advection-diffusion with a nonlinear source term [25] , and others ( [8] - [11] , [20] , [21] ). Definition 1.1. The generalized Riesz variable-order fractional derivative is defined by the following form
Let us note the following variable-structure differential form [13] 
. Now using the relationship between the Grünwald-Letnikov and RiemannLiouville fractional derivatives [15] , we obtain
For more details about the variable-order fractional calculus definitions and its properties, see ([14] , [15] ).
In this paper we consider the variable order nonlinear fractional wave equation
We assume that the function f (u, x, t) is nonlinear and satisfies the Lipschitz condition, i.e.
And for simplicity, let us assume
Then by using the generalized of the variable-order Riesz fractional derivative, we can rewrite Eq. (1.1) in the following form: 
From the shifted Grünwald formula ( [14] , [15] ) for the α−fractional derivative approximation we have
The coefficients ω
and k = 0, 1, ..., satisfy the following conditions:
Substituting from (2.3) and (2.4) into (1.2), and using the second center finite difference to approximate
, we then obtain the following explicit difference ap-
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i.e. Then the system (2.7) can be written in the matrix form
The convergence and the stability analysis
To study the convergence of the system (2. 
.
, where
where For given h, we choose τ to satisfy ρA
, we have that the condition
Aᾱ (ρ+σ) . Under this condition, we get
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This is true, by using the property (iii) of ω
Aᾱ (ρ+σ) , and for any constant c > 0 independent of h, τ , we obtain 2 The stability of the system (2.8), is given in the following theorem. 
for any j, and for any constant c > 0, independent of h, τ. Therefore, for the system (2.8), if there is a perturbation in U 0 , the small change would not cause large error in the numerical solution. Then the system (2.8) is stable when τ 2 ≤ 2hᾱ Aᾱ(ρ + σ) . 2
Numerical examples
In this section, we study the numerical solution of the linear and nonlinear variable-order wave equation using the proposed scheme (2.7). This study is to achieve the numerical and theoretical analysis introduced in the previous sections of the paper.
Example 4.1. We consider the following variable-order linear fractional wave equation [11] 
with α(x, t) = 1.5 + 0.5e −(xt) 2 −1 , where
with zero boundary conditions and the initial conditions
The exact solution of this problem is given by
We study this problem with respect to ρ = 1, and σ = 0. A comparison between the exact and the numerical solutions using the proposed method with h = 0.0416 and τ = 0.0052 at t = 0.0156 is presented in Table 4 .1: A comparison between the exact and the numerical solutions using the proposed method with h = 0.0416 and τ = 0.0052 at t = 0.0156.
The numerical comparison for Example 4.1 between the exact solution and the numerical solution obtained using the explicit FDM with h = 0.04 and τ = 0.005 and the final time t = 0.5, is given in Fig. 4.1 . Also, the behavior of the numerical solution of the proposed problem with different values of the space and the time with h = 0.04 and τ = 0.005 is given in the surface Fig. 4.2 . From these figures, we can observe that the system exhibits wave behaviors that the solution continuously depends on the space and time variables. , the stability condition is not satisfied, the results showed in Fig. 4.3 . From this figure, we note that the numerical solution is unstable. Where we take h = 0.042 and τ = 0.25 and t = 5.75. Example 4.2. In this example we consider the following variableorder fractional nonlinear wave equation [11] ∂
with α(x, t) = 1.5 + 0.25 cos(x) sin(2t), where f (u, x, t) = −u 2 + 6xt(x 2 − t 2 ) + x 6 t 6 , the boundary conditions are u(−a, t) = −u(a, t) = a 3 t 3 , and the initial conditions are u(
The exact solution of this problem at α = 2 is given by u(x, t) = x 3 t 3 .
We study this problem with respect to ρ = 1, and σ = 0. The numerical solution using the explicit FDM of Example 4.2 with different values of time t, (t = 0.05, 0.5, 1.0) at h = 0.08 and τ = 0.0052 is given in Fig. 4.4 . Also, the behavior of the exact solution at α = 2 (top), numerical solution (bottom) of Example 4.2 using the proposed FDM with h = 0.08 and τ = 0.0052 is given in Fig. 4 .5.
From these figures, we can see that the numerical solution takes the same behavior of the exact solution. 
Conclusions
In this article a variable-order nonlinear fractional wave equation is investigated. An explicit FDM for this equation has been described and demonstrated. The convergence and the stability of the obtained numerical scheme are established. Numerical examples have been presented to demonstrate the effectiveness of the method. The numerical results are in excellent agreement with the exact solution and coincide with the theoretical analysis introduced in this paper. Summarizing our results, we can say that the FDM in its general form gives reasonable calculations, easy to use and can be applied to solve other kinds of variable-order nonlinear fractional differential equations. All results are obtained by using MATLAB 8. 
